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T
Part A
#
1. Using the Principle of Mathematical Induction, prove that E(6r+1) =n(3n+4) forall nEZ",
r=1
2. Sketch the graphs of y= 2lx+1| and y= 2—|x] in the same diagram.
Hence or otherwise, find all real values of x satisfying the inequality 2|x+2|+|x|<4.
--------------------------------------------------------------------------------------------------------------------------- J

[see page three
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3. Sketch, in an Argand diagram, the locus of the points that represent complex numbers z satisfying

Arg(z-1-1i) =—%.

Hence or otherwise, show that the minimum value of |z -2+1| satisfying Arg (iz+1-i) =7 is le .

N

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

: 1
4, let k> 0. It is given that the coefficient of %7 in the binomial expansion of (x2+%) and the

11
coefficient of x~7 in the binomial expansion of ( x——lzw) are equal. Show that k=1.
x

...........................................................................................................................

[see page four
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5. Show that lim — fan2x-sin2x —4

=0 2 (Virx 15

.............................................................................................................................

................................................................................................................................

6. Let S be the region enclosed by the curves y = me . ¥=0 and x = ¢%. Show that the area-of S is 4
X

square. units:

The region S is rotated about the x—axis through 27 radians, Show that the volume of the solid thus
. 8w

generated is 3 - y

............................................................................

..............................................................................

..........................................................................

..............................................................................................................................

....................................................................................................................................

..............................................................................................................................

............................................................................................................................
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7.

- Let A=(0,-1) and B-= (9, 8). The point C lies on AB such that AC:CB=1:2. Show that the

™

Show that the equation of the tangent line to the rectangular hyperbola parametrically given by
x=ct and y=% for t#0, at the point P = (cp, %) is given by x + p%y =2cp.

The normal line to this hyperbola at P meets the hyperbola again at another point Q = (cq, é) A
Show that pig=-1.

e T e e R R Il I
..............................................................................................................................

..................................................................................................................................

equation of the straight line I through C perpendicular to AB is x +y-3=0.
et D be the point on / such that AD is parallel to the straight line y = 5x + 1. Find the
coordinates of D.

U e e T R PR PR PR TR TR R UL R R LA
S E e rr e e R P T R R SRR SR
.............................................................................................................................
................................................................................................................................
.....................................................................................................................................
.................................................................................................................................
....................................................................................................................................
...................................................................................................................................
FR R T e e E P R R R R R R RN RS R ER L R RS AR
................................................................................................................................
..............................................................................................................................
.............................................................................................................................

..................................................................................................................................

[see page six
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9. Show that the straight line x+2y = 3 intersects the circle S =22+ y?~4x+1 =0 at two distinet
points,

Find the equation of the circle passing through these two points and the centre of the circle § = 0.

10, Express 2cos? x + 2+/3 sin x cos x =1 in the form Rcos (2x — o), where R>0and 0 < o< Z .

Hence, solve the equation cos? x ++/3sinx cosx = 1,

e o [see page seven
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% Answer five questions only.

Part B

11. (a)

(b)

12.(a)

)

Let k> 1. Show that the equation x®—2(k+1)x+ (k—3)* =0 has real distinct roots.
Let a and 8 be these roots. Write down a+f and af in terms of %, and find the values of k
such that both o and 8 are positive.
, . . 1 1.
Now, let 1<k <3. Find the quadratic equation whose roots are —— and —, in terms of k.
Ja JB

Let f(x) =2 +ax? +bx+ 1 and g(x) =+ cx® + ax+ 1, where a, b, c €R. It is given that the
remainder when f(x) is divided by (x — 1) is 5, and that the remainder when g(x) is divided
by x*+x—2 is x+ 1. Find the values of @, b and c.

Also, with these values for a, & and ¢, show that f(x)-2g(x) < g" for all x€R.

It is required to form a 4-digit number consisting of 4 digits taken from the 10 digits given

below:
1,1,1,2,2,3,3,4,5,5

Find the number of different such 4-digit numbers that can be formed
(i} if all 4 digits chosen are different,

(ii) if any 4 digits can be chosen.

Let U, = ~167r° +12r* +40r +9 for reZ”.
5(2r+1) (2r- 1)
' _ A(r=-1) (r-B) "
Determine the values of the real constants A and B such that - forred .

CT@re)? 2r-1

Hence, find f(r) such that %Ur = f(r)~ f(r-1) for rEZ+, and

n
show that Z#U =l+ﬁ for neZ'.
A+

oo

Deduce that the infinite series 2 %U,, is convergent and find its sum.

r=1

r=1

vy
[see page eight
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13.(a)

(b)

(©)

14.(a)

(b

0 3 11
let A = g }andB:[GOI],whereaEIR.

a 1 1

Also, let C = ABT. Find C in terms of a, and show that C! exists for all a # 0.

Write down C! in terms of a, when it exists.

1 1l 9
=3 ,then ¢ =2.
2 | 8l —1n

With this value for @, find the matrix D such that DC — C'C = 81, where I is the identity
matrix of order 2.

Show that if C™

Z
Let 21=1+J§i and z; =1+i. Express ?' in the form x + iy, where x, y €R.
2

Also, express each of the complex numbers z, and z, in the form r{cos6 + isin ), where r > Q

and 0<@<Z, and hence, show that ﬁm\/f (cos +isin )
2 Zy 12 12
1+43

Deduce that COS(12) ) J_

Let n€Z ' and 6’;¢2kn:+2 for keZ.

Using De Moivre’s theorem, show that (1+itan8)” =sec” 6(cosnf +isinnfl) .
Hence, obtain a similar expression for (1-itané)”, and
show that (1+itan8)" + (1 —itan)"=2sec” Ocosn,

Deduce that z—ztan( ) is a solution of (1+2)® +(1-2»=0

10

Let f(x )_x(x 2) for x =0, 2.

Show that f'(x), the derivative of f(x), is given by f'(x)= &%ﬂ for x =0, 2.

Hence, find the intervals on which f(x) is increasing and the intervals on which f(x) is decreasing.
Sketch the graph of y = f(x) indicating the asymptotes, x-intercept and the turning points.
Using this graph, find all real values of x satisfying the inequality f(x)+| f(x)|>0.

The shaded region § of the adjoining figure

shows a garden consisting of a rectangle and

two sectors of a circle each subtending an
angle % at the centre. Its dimensions, in

metres, are shown in the figure. The area of §

is given to be 36 m?. Show that the perimeter
pm of §is given by p=2x+% for x>0

and that p is minimum when x = 6.

~

[see page nine
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15.(a@) Find the values of the constants A, B and C such that
430 + A+ 3x+ 1= A2+ D2+ Bx (32 + 1)+ Cx? for all xER.

4 23 4.2
Hence, write down X *3% +24x ;"335 *1 in partial fractions and
x(x“+1)

find J‘x4+3x3+24x2;-3x+1 dx .
x(x*+1)

(b) Let I= | sin™ (JE)dx. Show that 1=%_%J /rx;dx and hence, evaluate 1.

0

=
N

(c) Show that %(xln(xz+1)+2tan“x-2x):1n(x2+1).

1
Hence, find jln(xzﬂ) dx and show that Iln(x2+l)dx=
0

(Ind+m-4).

D3|

a a
Using the result J f(x)dx= J. fla-x)dx, where a is a constant,

0 ¢
1

find the value of Iln[(x2+1)(x2—2x+2)]dx_
0

16. Let P=(x;,y,) and [ be the straight line given by ax+by+c=0. Show that the coordinates of
any point on the line through the point P and perpendicular to / are given by (x,+at,y, +b1),

where rER.

. . _ |ax + by +¢|
Deduce that the perpendicular distance from P to [ is S5
a +b

Let [ be the straight line x+y—2=0. Show that the points A=(0,6) and B=(3,-3) lic on

opposite sides of /.
Find the acute angle between [ and the line AB.

Find the equations of the circles §, and §, with centres at A and B, respectively, and touching .
Let C be the point of intersection of / and the line AB. Find the coordinates of the point C.
Find also the equation of the other common tangent through C to S, and §,.

Show that the equation of the circle that passes through the origin, bisects the circumference of

S, and orthogonal to S, is 3x* + 3y —38x-22y = 0.

. S
|see page ten




AL/2021(2022)/10/E-1 -10-
-

17.(a) Write down cos(A+B) and cos(A—B) in terms of cosA, cosB, sinA and sinB.

Hence, show that cosC+cosD=2cos(C;D) cos(CED)

Deduce that cosC - cosD = —2sin(C;D)sin(C5D).

Solve the equation cos9x +cos7x + cotx (cos9x — cos7x)=0.

(b) In the usual notation, state and prove the Cosine Rule for a triangle ABC.

Let x#znz+2Z for nEZ. Show that sin2x=—LmnTx.
2 1+tan” x
In a triangle ABC, it is given that AB=20cm, BC= 10 cm and sin2B=%.

Show that there are two distinct such triangles and find the length of AC for each.

-1
(¢c) Solve the equation sin™! [(1 +e 2%y 2 } +tan~(e®) = tan"1(2).
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1. A particle P of mass m and a particle 0 of mass 2m moving on a smooth horizontal table along
the same straight line towards each other with speeds 4u and u, respectlvely,
collide directly. The coefficient of restitution between P and Q is = . Show @_&u y_@
that the particles P and 0 move away from cach other after the coIl1smn
Find the time taken, after the collision, for P and Q to be at a distance a apart.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

2. A particle is projected from a point O at a vertical distance a above a  [ga
horizontal ground with initial velocity «/ga and at an angle (0 << %) i)
to the horizontal, as shown in the figure. The particle strikes the ground

at a horizontal distance @ from O. Show that tanc = 1 + /2 .

.......................................................................................

.......................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

[see page three
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3. A particle P of mass m is placed on a smooth horizontal table and is
connected to a light smooth pulley Q by a light inextensible string which
passes over a fixed small smooth puiley at the point A of the edge of
the table. A light inextensible string which passes over the pulley Q is
connected to particles of masses 2m and 3m, as shown in the figure.
The particles and the strings lie in a vertical plane. The system is released
from rest with the strings taut. Obtain equations sufficient to determine
the acceleration of Q.

................................................................................................

................................................................................................
O S L AL LS b
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
............................................................................................................................
...........................................................................................................................

...........................................................................................................................

4. A car of mass M kg moves upwards with a constant acceleration along a straight road of inclination

sin”! % to the horizontal. There is a constant resistance of R N to its motion. The distance travelled
by the car to increase its speed from 36 xmh! to 72 kmh~' is 500 m. Obtain equations sufficient

to determine the power exerted by the car when its speed is 54 km h!,

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................

...........................................................................................................................

...........................................................................................................................

-
[see page four
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5. One end of a light inextensible string of length 2« is attached

6.

...............................................................................................................................

A
to a fixed point A which is at a distance a vertically above a .\ 0
smooth horizontal table. A particle P of mass m, attached to é p
the other end of the string, moves in a horizontal circle on the -

table with the string taut and with uniform speed %‘l (see the

figure). Show that the magnitude of the normal reaction on the particle P from the table is %mg.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
............................................................................................................................
...........................................................................................................................
...........................................................................................................................
............................................................................................................................

............................................................................................................................

In the usual notation, the position vectors of two pomts A and B, with respect to a fixed origin O,
are 2i—3j and i-2j, respectively. Usmg AO AB find OAB .

Let C be the point on OA such that OCB:E. Find OC-

R R L R I L R R L R T R TN T TN T T PR,
...........................................................................................................................
............................................................................................................................
................................................................................................................................
R B RN R L T T R T T T T e
...............................................................................................................................
L R R e I L Rl R T T T
............................................................................................................................

............................................................................................................................

...............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.................................................................................................................................

............................................................................................................................

J
[see page five
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7. A uniform rod AB of length 8a and weight W has its end A
smoothly hinged to a fixed point. One end of a light inextensible
string of length 4a is attached to the point C on the rod such
that AC = 3a, and the other end is attached to a fixed point D
vertically above A such that AD = 5a (see the figure). The rod is
in equilibrium. Show that the tension of the string is =W .

: 15
Also, find the horizontal component of the reaction at A.

...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
...........................................................................................................................
T R R R R T T L R R R R KR AR R AL AR AL
...........................................................................................................................
B S L L R L R TN R E R R AR R

...........................................................................................................................

8. A particle P of mass m is placed on a rough plane inclined at an
angle % to the horizontal. One end of a light inextensible string
which passes over a fixed small smooth pulley fixed to the edge of the
inclined plane at A, is attached to the particle P and the other end to
a particle Q of mass Amg, as shown in the figure. The coefficient of
friction between the particle P and the inclined plane is % . The line
PA is a line of greatest slope of the inclined plane and the particles
P and Q stay in equilibrium with the string taut. :
Show that —= < A < ?2% . (The relevant forces are marked in the figure.)

22~

T e L R R R R R AL L

...........................................................................................................................

............................................................................................................................

............................................................................................................................

............................................................................................................................

N e L L LR R R P P E TP R E R R AR LA

............................................................................................................................

[see page six
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9. Let A and B be two independent events of a sample space £2. In the usual notation, it is given that
P(A) = -% and P(B)= % .Find P(A U B), P(A1 AU B).and P(B| A"}, where A’ denotes complementary

event of A.

..............
................................................................. PR e,
................................
.........................
.............. e e e e e Ea e e Eee e e eeetteteaete e et e et n s aan s et et en s nn e n et re e e e e n et n e n et n e raannnenn
..................................................................................................................
et r e eer et eraeraeana et eerir et e reveenen et et etk r bt e vy ar b aann
..............................
....................
............
et teetrerera e a e ranas e ettt e e e eea st neen et te e n e e e et e e eaastan et s e rasaranateataeeaans
................................. et er e et et ee e aeeeaan et e e e e e eea et e e e et e et aneterannten e aeean
..........................
..................
............
e et eetaaneetaanaraaan et et ee e e ettt e e et eaanttan e aea et ean e et e a e has

10. A set of five observations of positive integers has mean 6 and range 10. It has two modes.
If the median is different from the modes, find the five observations,

..................... L I I N I N N T,
----- D R R R R R I, e
........................................ D R R R R R R I I
............................ L R N N T,
....................................................................... R R R R R T R R T IR R I I PN
........... R I I T NN T T
...................................... R R N N I,
......................... I N N N R R R R T,
............. LR AR R R R N R T
....................................... L B L L L L L L R T
........................ R N R L T,
............... R R R I S R O P
...................................... R R R R B R R I
.......................... I R L R L R I Cestborerrrrrrrrrereverarannannana
............ AR R R N I N T
........................................ R R I I I I R B E E E T R N T
...................... T T TR T

* 3 [see page seven
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Part B

* Answer five questions only.

(In this question paper, g denotes the acceleration due to gravity.)

11.(a) A particle P, projected with a velocity u ms™! vertically upwards from a point O, reaches a
point- A after 4 seconds and comes back to A again after another 2 seconds. At the instant
when the particle P is at A for the second time, another particle @ is projected with the same
velocity # m s~ vertically upwards from O. Sketch the velocity-time graph for the motions of
P and Q, in the same diagram.

Hence, find the value of u and the height of OA in terms of g, and the time taken by Q to
collide with P.

(b) A ship S is sailing due north with uniform speed » kmh™! relative to earth. At a certain instant,
a boat P is at a distance 4 km east of S and another boat Q is at a distance 3 d km south
of S. The boat P travels in a straight line path intending to intercept S with uniform speed
2u km h™! relative to earth and the boat Q travels in a straight line path intending to intercept P
with uniform speed 3u kmh™ relative to earth.

Show that
d

(i) the time taken by the boat P to intercept the ship S is —=—Hh,

J3u

(ii) the boat P intercepts the ship S before the boat Q intercepts the boat P.

12.(a) Equilateral triangle ABC in the figure is the vertical
cross-section through the centre of gravity of a smooth
uniform wedge of mass 3m with AB = BC = AC = 6a
such that the face containing BC is placed on a
smooth horizontal floor. The lines AB and AC are
lines of greatest slope of the faces containing those.
The point D is a fixed point on the vertical wall
which is at a distance a from the point B of the
wedge, and in the plane of ABC such that AD is
horizontal. One end of a light inextensible string of B ¢
length 5a passing over a small smooth pulley fixed

at A is attached to a particle P of mass 2m kept on AC and the other end is attached to the
fixed point D on the wall. A particle Q of mass m is held on AB. The system is released from
the rest with AP = AQ = a, as shown in the figure. Obtain equations sufficient to determine the
velocity of @ relative to the wedge at the instant when the wedge strikes the wall.

o
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(b) A thin wire ABCDEF is fixed in a vertical plane,

as shown in the figure. The portion ABC is a thin
smooth semicircular wire with centre O and radius a.
The portion CD is a thin rough horizontal wire of
length a. The portion DEF is also a thin smooth
semicircular wire of radius a. The diameters AC and
DF are vertical. A small smooth bead P of mass m
is placed at A and is given a velocity u (>3\/@)
horizontally, and begins to move along the wire. It
is given that the magnitude of the frictional force
on the bead from the wire, during its motion from

Cto D, is %mg. Show that the speed v of the

bead P, during its motion from A to C, when 53

B et R |
S|

>}

b _-———

makes an angle 0 (0<6 <x) with OA, is given
by v* = u® — 2ag(1 - cos ).

Bpmommsmmmmemm ooy

Show that the speed w of the bead P just before
it leaves the wire at F is given by w? = u? -~ ag,

and find the reaction on the bead P from the wire
at that instant.

I3. One end of a light elastic string of natural length 4a is attached to a fixed point O and the other
end to a particle P of mass m. The particle hangs in equilibrium at a distance 5a below O.

Show that the modulus of elasticity of the string is 4mg.

Now, another particle @ of mass m moving vertically upwards
collides and coalesces with P, and form a combined particle K. The .
speed of the particle Q just before it collides with the particle P is

m . Find the velocity with which R begins to move.

Show that, in the subsequent motion while the string is not slack, the 15a
distance x from O to the combined particle R satisfies the equation 2
j&+%(x—6a)=0.

6

+2kga

By writing X = x — 6a, show that, X + w?X = 0 where w = Zi .
a

Find the centre of the above simple harmonic motion and using the /

formula X2 = w2(c? — X?), find the amplitude . inelastic floor

Show that if k>3, then the string becomes slack,
Now, let k= 8. Find the time taken by the combined particle R to strike an inelastic horizontal
floor at a distance %a below the point O, from the instant of coalescing of the particles P and Q.

Also, find the maximum height reached by the combined particle R after striking the floor.

~
see page nine
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14. (a) Let a and b be non-zero and non-parallel vectors, and A, u € R.

Show that if Aa+ ub =0, then A =0 and =0
Let ABC be a triangle. The mid-point of AB is D and the mid-point of CD is E. The lines
AE (extended) and BC meet at F. Let E =a and E = b. Using the triangle law of addition,

show that E = %.

Explain why AF = a AE and CF =ﬁ§, where a, § € R.
Considering the triangle ACF, show that (0 -4f)a + 2(a+2f-2)b=0.
Hence, find the values of a and f.

(b) Let ABC be an equilateral triangle of sides 2a and let D, E, F be the mid points of AB, BC
and AC respectively. Forces of magnitudes 2 P, J3 P, 23 P and a P act respectively along
E, E, D_Cb' and R') It is given that the resultant of this system of forces is acting parallel
to A—C? . Find the value of a.

The system of forces is equivalent to a single force of magnitude R acting through A together
with a couple of magnitude G. Find the values of R and G.

Write down the magnitude and the direction of the resultant of this system of forces and find
the distance from A to the point at which the line of action of the resultant meets AB.

A couple of magnitude H is now added to the system. The resultant of this new system acts
through the point B. Find the value of H and the sense of this couple.

15 (a) Two uniform rods AB and BC, each of length 2a, are smoothly

joined at the end B. The weights of the rods AB and BC are W B
and 2W, respectively. The end A is smoothly hinged to a fixed
point on a horizontal floor. A particle of weight W is attached
to the point Don rod AB such that AD =%. The system is D/YW 2W
in equilibrium in a vertical plane such that BAC=0 and the N
A ¢

end-point C of the rod BC on a rough portion of the above
horizontal floor, as shown in the figure. The coefficient of friction

between the rod BC and the floor is u. Show that cotf < %M.
Find the reaction exerted on AB by CB at the joint B.

() The framework shown in the figure consists of B
five light rods AB, BC, CD, DA and DB of
equal lengths smoothly jointed at their ends.
A load W is suspended at the joint D and the
framework is smoothly hinged at A to a fixed A C
point and kept in equilibrium in a vertical plane
with BD vertical by a force P applied to it at
the joint C and perpendicular to the rod CD,
in the direction shown in the figure.

(i) Tind the value of P.

vW

(ii) Draw a stress diagram using Bow’s notation for the joints C, B and D.
Hence, find the stresses in the rods, stating whether they are tensions or thrusts.

"

[see page ter
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16. Show that the centre of mass of
(i} a thin uniform wire in the shape of a semi-circular arc of radius a, is at a distance % from
its centre,
(i) a uniform hollow right circular cone of height % is at a distance
base of the cone.

1

3h from the centre of the

A bucket is made by rigidly fixing to a uniform thin shell in the shape
of a frustum of hollow right circular cone of radii of the upper and
lower circular rims 2a and a, respectively and height —?’Q the following
parts at the places each meets this shell as shown in the figure:
o A uniform thin circular plate of radius ¢ and centre at O.
e A uniform thin shell in the shape of a hollow right circular cylinder
of radius a and height 23—".
e A uniform thin wire in the shape of a semi-circle of radius 2a
and centre at C.

The mass per unit area of the frustum, plate and the cylinder is o
and the mass per unit length of the wire is 1lao.

Show that the distance from O to the centre of mass of the bucket is (10:1:+27)%.

Find the angle OC makes with the downward vertical in the equilibrium position, when the bucket
is hanged freely by a vertical string from the point A at which the wire meeis the upper rim of
the frustum,

17.(a) Two identical boxes A and B, each contains 10 balls which are identical in all respects except
for their colour. The box A contains 6 white balls and 4 red balls, and the box B contains 8
white balls and 2 red balls. A box is chosen at random and 3 balls are drawn from that box
at random, one after the other, without replacement. Find the probability that

(i) two red balls and one white ball are drawn,
(i) the box A was chosen, given that two red balls and one white ball are drawn.

(b) Let the mean and the standard deviation of the set of data {x,,%,...,x,} be ¥ and O,

respectively, and let y, = xi;a for i=1,2,...,n where « and § (>0) are real constants. Show

that ¥y = xl—aa and o, =%, where y and O, are respectively the mean and the standard

deviation of the set of data {y,, pZYR U 3

Monthly imstalments for an insurance scheme by 100 employees of a company are given in
the following frequency table:

Monthly Insta;ment (rupees) Number of employees
1500 - 3500 30
3500 - 5500 40
5500 —7500 20
7500 - 9500 10
By means of the transformation y= xl_o?)go , estimate the mean and the standard deviation of y,

3(mean - median)
standard deviation

and also the coefficient of skewness of y defined by

Hence, estimate the mean, the standard deviation and the coefficient of skewness of x.

o
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